We study Z 2 -orbifolds of 11-dimensional M-theory on tori of various dimensions. The most interesting model (besides the known S 1 /Z 2 case) corresponds to T 5 /Z 2 , for which we argue that the resulting six-dimensional theory is equivalent to the type IIB string compactified on K3. Gravitational anomaly cancellation plays a crucial role in determining what states appear in the twisted sector. Most of the other models appear to break spacetime supersymmetry. We observe that M-theory tends to produce chiral compactifications on orbifolds, and that our results may provide an insight into the mechanism by which twisted-sector states arise in this hypothetical theory.
Introduction
An 11-dimensional supersymmetric theory of gravity appears to exist from which many (perhaps all) properties of string theory can be extracted [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . This theory (currently called "M-theory") has 11-dimensional supergravity as its low energy effective field theory, and does not appear to be described by strings. Certain properties of M-theory can be described in terms of extended objects, the twobranes and fivebranes, much in the same way that properties of various string theories can be described by p-branes for various p.
Because M-theory is not a string theory, most of its compactifications that have been studied are geometric in nature, since the analogue of conformal field theory (if any) relevant to this case is not known. These include compactifications on tori, K3 [20] [4] [7] , CalabiYau spaces [21] [22] [23] , and other manifolds of exceptional holonomy [24] . One notable exception appeared in recent work of Horava and Witten [14] , where a proposal was given for the compactification of M-theory to 10 dimensions on the orbifold S 1 /Z 2 . This construction, while closely following an earlier construction of "orientifolds" [25] [26] in closed string theories, is necessarily more difficult to study since the properties of M-theory responsible for non-geometrical effects are presently unknown. Nevertheless, a number of consistency conditions enabled the authors of Ref. [14] to conclude that there should be a sensible orientifold of M-theory on S 1 /Z 2 , leading to the E 8 × E 8 heterotic string in 10 dimensions.
In the following, we will explore other ways of orbifolding and orientifolding M-theory, with a view to learning what kind of non-geometric behaviour of the underlying theory can be inferred. Consistency conditions will as usual be crucial in drawing conclusions for which calculational methods are as yet unavailable; these conclusions will of course be worth testing should such methods become available in the future.
It is appropriate to briefly review the orbifold/orientifold ideas [25] [26] which played an important role in Ref. [14] . The basic observation is that an orientation-reversing Z 2 transformation of oriented closed string world sheets is a symmetry in 10-dimensional type IIB string theory, and can be realized also on type IIA string theory if additionally one spacetime dimension is compactified and changes sign under the Z 2 action. In the former case one discovers a theory of unoriented closed strings (from the untwisted sector, The above picture emerges after explicit calculation of amplitudes which have a simultaneous interpretation as closed-string tree diagrams and open-string one-loop diagrams.
Comparing the two calculations allows one to deduce the presence of a degeneracy which is then interpreted in terms of Chan-Paton factors. Since analogous calculations are inaccessible in M-theory, one may wonder how to study the twisted sector in an orientifold of it (not to mention that one doesn't know how to define the analogue of orientation-reversal, to start with).
The key to obtaining a consistent picture comes from two important facts. The field content of massless modes of M-theory is in correspondence with that of type IIA string theory in 10 dimensions, so that one can define an orientifold by imitating its known action on the spacetime fields and spacetime coordinates of the IIA theory. Second, the nature of the twisted sectors can be inferred by requiring the cancellation of gravitational anomalies in 10 dimensions and taking into account the multiplet structure of the residual supersymmetry. Thus one starts with 11-dimensional supergravity, having spacetime bosonic fields g M N and A M NP , compactifies the 11th direction X 11 on a circle of radius R 11 , and considers the Z 2 action A → −A
The Z 2 invariant modes in 10 dimensions are g µν , g 11, 11 and A µν,11 , or in other words a metric, scalar and 2-form in 10d. This is precisely the bosonic content of the (chiral) N = 1 supergravity multiplet in 10d. Since this multiplet suffers from a gravitational anomaly, one expects twisted-sector states to arise precisely in the right combination to cancel it.
Such states must lie in chiral N = 1 gauge multiplets, and there must be two copies (one at each fixed point), which uniquely determines the gauge group to be E 8 × E 8 . Many checks of this picture were made in Ref. [14] and they all tend to confirm it.
This does not tell us how the gauge groups actually arise in M-theory, though we will speculate on that later. In the following, we first investigate other situations where something can be said about orbifolds of M-theory. 
T
Thus the total bosonic spectrum in the untwisted sector is a metric, 5 2-forms and 25
scalars. Remarkably, this is enough to tell us that we are dealing with the chiral N = 4 supersymmetry in 6 dimensions, since that is the only one for which the above spectrum Indeed, the spectrum obtained above decomposes into a chiral supergravity multiplet
(ij)(−) µν ) (we list only the bosons, the (−) superscript indicates an anti-selfdual two-form, and (ij) is a composite index representing the 5 of U Sp(4)) and five matter
µν , φ (ij) ). We now have a situation very analogous to that in 10d, since the above structure suffers from a gravitational anomaly, and there is a unique way to eliminate the anomaly. This corresponds to adding 16 more matter multiplets R(M ). The resulting spectrum is that of the type IIB supergravity compactified on K3 [27] , whose lowenergy multiplet structure is the unique one consistent with chiral N = 4 supersymmetry and anomaly cancellation.
We would therefore conclude that the "twisted sector" of M-theory on T 5 /Z 2 provides precisely 16 matter multiplets R(M ), and that the resulting theory is equivalent to the type IIB string on K3. Before going on to test this hypothesis, however, we are faced with an immediate puzzle. The torus T 5 /Z 2 has 32 fixed points. Taking a regular torus with all sides equal, one would expect the anomaly to be distributed equally among the fixed points Chan-Paton factors over 32 or more fixed points in the type I ′ description. Indeed, the analysis of Chan-Paton factors on orientifolds in Refs. [29] and [30] implies that type I ′ strings always have U (1) 16 Chan-Paton factors, which can be distributed in various ways on the orbifold, and give rise to unitary enhanced symmetries whenever they merge, and even larger orthogonal groups when they merge at fixed points.
Nevertheless, the question arises why M-theory produces only 16 matter multiplets in 6d, the unique number allowed by gravitational anomaly cancellation, despite the presence of 32 fixed points. We will now propose a resolution to the puzzle.
Couplings and Radii
Let us assume despite the apparent puzzle found above, that M theory on T 5 /Z 2 is equivalent to the type IIB string on K3. Since M theory has no moduli or couplings, all the parameters of the resulting 6d theory will come from the toroidal orbifold. On the IIB side, there is a moduli space labelled by
The duality group acting on this is O(21, 5, Z Z), and this includes, among other things, strong-weak coupling duality transformations on the coupling constant in 6 dimensions.
We will find a relation between the M-theory radii and this coupling constant, and check it in two different ways. This will enable us to propose a resolution to the puzzle encountered in the previous section.
M-theory compactified on a circle of radius R 11 is believed to be equivalent to type IIA string theory in 10d [3] [4] with the string coupling λ 10 given by [4] :
If we further compactify the IIA theory on T 4 to 6 dimensions, the coupling constant in 6d is given by the usual relation
Assume a rectangular torus. The compactification radii R i , i = 7, . . . , 10 as measured in the M-theory metric are related to the radii R 
as follows from the Weyl scaling between the two metrics. The volume of T 4 in Eq. (3.2) above is the one measured in the string metric, so we find
Now in this discussion we have been working with a torus -and not orbifold -compactification of M-theory. But relations between couplings and radii such as the ones derived above are insensitive to orbifolding, so we can conclude that the above relations hold also for M-theory on T 5 /Z 2 and hence that λ 6 is the coupling of the type IIB theory on K3.
The asymmetry in the five radii of the torus-orbifold will have a natural interpretation in terms of the type IIB theory, as we will see below.
One way to check the above relation, and our proposal for the M-theory orbifold in general, is the following. If the M-theory on T 5 /Z 2 is indeed equivalent to type IIB on K3, then the equivalence must be present on further compactification of both sides on S 1 , as mentioned before. The type IIB theory on K3 × S 1 has been argued [4] to be equivalent to the heterotic string toroidally compactified to 5 dimensions, with the identification
where the h and B subscripts refer to the heterotic and type IIB strings respectively.
On the other side, we get a type I ′ theory of open and closed strings. Relationships between toroidally compactified type I, type I ′ and heterotic strings have been recently explored [30] . They are all equivalent, with the maps being T-duality from type I ′ to type I, and strong-weak coupling duality from type I to heterotic [33] [34] . One can derive relationships between the radii and coupling constants of type I ′ and heterotic strings using type I as an intermediate step. For n compactified dimensions, the result is (see Eq. (21) of Ref. [30] )
This is easily inverted to express each heterotic string radius in terms of all the type I ′ radii and the 10d coupling:
As before, the radii R I ′ ,i are related to those measured in the M-theory by R I ′ ,i = λ 1/3 I ′ ,10 R i . Inserting this, we find in particular that
(3.8)
For n = 5, the case at hand, the coupling constant dependence neatly drops out. Finally,
we recall that what we are calling R 6 here is one of the radii of the 5-torus orbifold, which has been exchanged with R 11 when we interchanged the orders of compactification on T 5 /Z 2 and S 1 . Thus we should now rename R 6 as R 11 . Combining Eqs.(3.8) and (3.5) then leads to
in perfect agreement with Eq.(3.4) above.
The asymmetry in the above relation, alluded to earlier, leads one to suspect that the 5-torus-orbifold will be generically anisotropic. This seems to be an important clue for the resolution of our puzzle of the previous section. To clarify it further, and to provide yet another consistency check on Eq.(3.4), we compare a suitable sector of the M-theory action compactified on T 5 and projected to Z 2 invariant states, with the relevant terms in the action of type IIB on K3. Start with the bosonic sector of the 11d supergravity (neglecting the Chern-Simons term, since after Z 2 projection this will only contribute coupling terms to scalars which we are ignoring):
and choose the 11d metric to be
Here we have restricted ourselves to a rectangular 5-torus, so the angular terms do not appear. We also neglect the Maxwell field coming from the off-diagonal graviton, since this will be projected out by Z 2 . The action in 6d is then
where
µνi are the five 2-form fields in 6d. To compare with type IIB on K3, recall that in this case there are altogether 21 antiself-dual and 5 self-dual B-fields, of which we set 16 of the anti-self-dual fields to zero since on the M-theory side they are expected to come from the twisted sector, over which we have no control. Combining the remaining 10 pairwise, we have 5 unconstrained B-fields left. The important point is that one of these comes from the NS-NS sector while the other 4 (as well as the 16 anti-self-dual ones that we neglected) are Ramond-Ramond.
There are also 25 scalars in the collection of multiplets that we are considering, but we set all of them to zero except the dilaton. Then on general grounds, the relevant part of the IIB action in 6d will be
where B 11 has been chosen to be the unique NS-NS 2-form and the other B i are R-R.
If we now compare the two 6d actions above, we can hope to express all the five compactification radii as functions of the dilaton, hence of the IIB string coupling. This relation will be valid only in the region of moduli space where all the other scalars have been set to zero, but it should serve as a qualitative guide to the relationship between the two theories. Moreover, whatever relationship emerges should of course satisfy Eq.(3.4) above.
Following a by now well-established procedure, we make a Weyl rescaling to relate the metric G (6) coming from M-theory and the metric g of type IIB on K3:
where γ is to be determined. Matching the two sides leads to the set of equations At this point we see that (at least for the region of moduli space on which we are concentrating) the torus-orbifold scales anisotropically with λ 6 . For weak coupling, four of the sides are very large and one is very small. Moreover,
so the ratio of the short side to the long ones is proportional to the string coupling. The conclusion that we draw from this is that for weak coupling, the torus is highly "squashed", and approximates a four-dimensional, rather than five-dimensional, manifold in this limit.
We can now propose, as a resolution to our puzzle of the previous section, that paradoxes based on equal distribution of Chan-Paton factors or their M-theory equivalents, among the 32 fixed points of T 5 /Z 2 are not valid, since a regular 5-torus is highly nongeneric. Indeed, it is precisely in the region where the 6d coupling is of order 1 (the "self-dual" point of the IIB string) where the torus regains isotropy, but this region is out of reach of perturbation theory (unlike both the strong and weak coupling regions, which can be exchanged by the S-duality contained in O(5, 21, Z Z)).
As the torus-orbifold degenerates, the 32 fixed points degenerate to 16 Thus it is reasonable to believe that the "generic" T 5 /Z 2 appropriate for compactification of M-theory to 6 dimensions is the one with a single squashed dimension.
It is noteworthy that anisotropic tori have recently played an important role [30] in understanding some apparent paradoxes in the proposed strong-weak coupling duality between heterotic and type I strings.
Other Orbifolds of M-theory
In 10 dimensions, orientifolds on T n /Z 2 makes sense in type IIA for odd n and type IIB for even n. M-theory is of course more closely related to type IIA than to type IIB. In particular, the S 1 /Z 2 and T 5 /Z 2 orbifolds of type IIA theory and M-theory have been discussed and compared in the preceding sections, and it is evident that there are both intriguing similarities and notable differences between the string and M-theory cases.
Perhaps the most striking difference is that in the type IIA case one gets non-chiral theories (hardly surprising since one also lands in odd dimensions) but in M-theory the two known orbifolds lead to chiral string theories.
Here we investigate the remaining T n /Z 2 orbifolds of M-theory, but will come to the disappointing conclusion that most of them break supersymmetry completely.
The first potentially interesting example is T 3 /Z 2 . In this case one might expect to find an interesting theory (although there will be no help from gravitational anomalies).
However, the massless spectrum of bosonic fields in the untwisted sector is easily found to be (g µν , 3B µν , 7φ). This does not break up into supermultiplets, since N = 1 supersymmetry in 8 dimensions admits only a single 2-form field in the supergravity multiplet and none in the matter multiplet. Thus this orbifold breaks supersymmetry completely.
This may appear surprising, since there must be a T 3 /Z 2 orbifold of the type IIA string in 10d which preserves half the supersymmetries, namely the T-dual of the type I string on T 3 when all 3 directions are dualized. This theory would then be expected to agree with
The way this paradox is avoided is that for the T 3 /Z 2 orbifold of type IIA, the Z 2 action on the spacetime fields is
( 4.1) (with B, A and A (3) being the 2-form, 1-form and 3-form of the theory), unlike the orbifolds on S 1 /Z 2 and T 5 /Z 2 where the action is
The latter Z 2 action "lifts" to M-theory since B and A (3) transform similarly, and they merge into a single 3-form field in 11d. However, the former action does not, since B and
The T 7 /Z 2 orbifold of M-theory similarly breaks supersymmetry completely. One heuristic way to think of this phenomenon is that for T 5 /Z 2 , the part of the transformation living in the first 10 dimensions is exactly the orbifold limit of K3 and has SU (2) holonomy, while for S 1 /Z 2 there is no such part and hence no holonomy. For the T 3 /Z 2 and T 7 /Z 2 cases, the part of the transformation visible below 10d corresponds to minus the identity matrix in one and three complex dimensions respectively, hence they do not have the right holonomies (SU (1) and SU (3) respectively) to preserve supersymmetry. so altogether one has an anomaly of 16 3 . Combining the supergravity and matter multiplets, the total gravitational anomaly is proportional to 16 + For the special case d = 2, one finds
and remarkably, in this case the formula is totally symmetric in the 9 radii! This suggests that this is the unique situation where the torus is isotropic, and the twisted sector contribution can be expected to arise symmetrically from all the 512 fixed points. One may ask whether the resulting theory corresponds to a known compactification of the type IIB string down to 2 dimensions. The obvious choices K3 × K3 and the Joyce 8-manifold of , but we will not pursue this point further here 2 .
The even-dimensional orbifolds of M-theory on T n /Z 2 for n = 2, 4, 6, 8 do not correspond to orientifolds, but to the analogues of conventional orbifolds in string theory. The action is invariant under change of sign of an even number of directions without changing the sign of the 3-form field. So we will not discover analogues of Chan-Paton factors in this case. Moreover, these orbifolds all land us in odd dimensions, where anomaly considerations are not useful.
In any case, for n = 2 and n = 6, supersymmetry is broken, while for T 4 /Z 2 one finds that the untwisted sector decomposes into an N = 2 supergravity multiplet and 3 N = 2
Maxwell multiplets. Comparing to the spectrum of M-theory on K3, we find precisely 16 missing Maxwell multiplets. So, if M-theory on T 4 /Z 2 is to be the same as M-theory on K3 (in the appropriate orbifold limit of K3), then 16 Maxwell multiplets must come from the twisted sector. But these extra multiplets, if they appear, are not dictated by something as compelling as anomaly cancellation.
Conclusions
We have seen that one can define "orientifolds" of M-theory on T n /Z 2 leading to supersymmetric theories for n = 1, 5 and 9 (the first of these cases was discovered in
Ref. [14] ). All lead to chiral theories and one can predict the twisted-sector states from considerations of cancellation of gravitational anomalies.
The n = 5 case corresponds to type IIB on K3, though the compactification torus is generically anisotropic and virtually four-dimensional. This case should be worth studying in more detail than we have done here, particularly in order to understand the full correspondence between the moduli spaces for the M-theory and IIB compactifications. It is tantalizing that of the SO(21, 5) group occurring in the latter theory, the compactification torus for M-theory can only provide moduli for an SO(5, 5) part, while the twisted sector should provide another 16 degrees of freedom to enhance SO(5, 5) to SO (21, 5) . This is reminiscent of Narain's observation [36] that for the heterotic string, the 16 dimensional internal-symmetry lattice in the heterotic string can mix nontrivially with the (n, n) spacetime lattice after compactification on an n-dimensional torus, to yield a (16 + n, n)
lattice.
The interpretation of our results in terms of membranes of M-theory wrapping around the orbifolds, along the lines of Ref. [14] , remains to be worked out.
Some of the interesting points raised by our analysis are the following. First of all, M-theory seems to easily yield chiral compactifications, reversing years of prejudice against 11-dimensional supergravity for its inability to provide chiral theories in lower dimensions.
(This fact is also evident, although in a more subtle manner, from the fact that M-theory on a 2-torus gives the 10d type IIB string in a suitable limit [12] [13]). So it should be worthwhile to investigate more sophisticated orbifolds than the ones we have considered (quotienting by groups larger than Z 2 ), particularly 7-dimensional ones, and see how this on the string boundary [37] . The worldvolume boundary field theory of the membrane would then be a two-dimensional conformal field theory of free fermions, and we know that with suitable spin structures this can indeed produce E 8 gauge groups, unlike the one-dimensional boundary theory of free fermions arising in open string theory. Whether this can be made more precise, and whether the same construction can yield anti-self-dual 2-forms in six dimensions, remains to be investigated.
Note Added in Proof
In a preprint that appeared on hep-th soon after this one, E. Witten [38] has independently made many of the observations in this paper, and also proposed an interesting picture of how the twisted sector states could arise from five-branes. After reading Ref. [38] we have made a small correction in Section 4 above, see the first footnote there.
